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This paper introduces a new bi-quaternion notation and applies this nota-
tion to electrodynamics. A set of extended MAXWELL equations and other
fundamental equations of electrodynamics are derived. By applying the
LoreNTZz condition, these equations reduce to the classical form.

Additionally the bi-quaternion notation allows a compact formulation
of SRT. Furthermore an application of bi-quaternions in other disciplines of
physics as mechanics (dynamics) is shown.

Introduction

One of the most emotional disputes in the late nineteenth-century was about the mathe-
matical notation to use with electrodynamics equations?. Today’s vector notation was
not fully developed at that time and many physicists — one of them was James Clerk
MAXWELL — promoted the quaternion notation. The quaternion was “invented” in 1843
by Sir William Rowan HAMILTONE!. Peter Guthrie Tait™ was the most outstanding
promoter of quaternions. On the other side Oliver HeavisiDE! and Josiah Willard
GiBs™ both decided independently that they could better apply a part of the quaternion
number than use the entire number, why they proceeded further with that, what today is
called the vector notation. Generally the vector notation used in pre-EinsTEIN® electro-
dynamics uses three-dimensional vectors. The quaternion on the other hand is a four-
dimensional number. To make the quaternion compatible to the three-dimensional
electrodynamics of MAXWELL, HAMILTON and TAIT, the scalar part of the quaternion
was indicated with the prefix ‘S’ and the vector part with the prefix “V’. By doing this,
the quaternion has been “vectorized’.

This notation was also used by Maxwell in his Treatise!, where he published some
equations with ‘vectorized’ quaternion notation. But with applying this prefixes the
whole benefit of quaternions is not used. Maxwell didn’t use any quaternion calculus. He
only converted some summarized end results into “vectorized’ quaternion notation. The
guaternion notation was simply not as powerful and suitable as the vector notation.

Some time ago we have shown, that the introduction of bi-quaternions — a complex
expansion of quaternions — makes a compact formulation of electrodynamics in spirit of
TAIT’s and HAMILTON’s work possible. This article is a continuation of TAIT’s and
HAMILTON’s ideas and shows the broad applicability of bi-quaternions in physics.
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HAMILTON's Quaternions
A general quaternion has both a scalar (real) and a vector (imaginary) part. In the exam-
ple below ‘a’ is the scalar part and “ib + jc + kd’ is the vector part.
Q=a+bi+cj+dk (1.1)

Where a, b, ¢, and d are real numbers and i, j, k are so-called Hamilton’ian unit vectors
with the magnitude of v~1. They satisfy the equations

P=F=K=ik=-1 1.2)

ij=k Jjk=i ki =]
ij=—ji jk=-ki ki=-ik

A nice explanation about the rotation capabilities of the HAMILTON’ian units in a three-

dimensional ARGAND diagram was published by GoucHL..

A quaternion is a hypercomplex number. The quaternion radii (or magnitude) in
four-dimensional space is defined similar as for ordinary complex numbers as:

|Q| = X2+ X2+ X2+ X2 (1.3)

as also shown by WALKER!™. By introducing a conjugate quaternion number
Q*=a-bi-cj-dk (1.4
the quaternion magnitude is also
1Q|=4QQ" = X2 +x? +x2+x2 . (L5)

Such a four-dimensional quaternion is very suitable to represent an event in four-
dimensional space:

X=Xy +X 1+ X, j+ X,k . (1.6)

From now on we use the following convention for indices and unit vectors.
e Indicesk=1,2,3

e Indicesj=0,1,2,3=0,k

e The unit vectors of three-dimensional space are €, €,, € =€,

e The HAMILTON’ian units i, j, k are written in italic letters

e and the imaginary unit i=v~1 in normal letter.

Then we can summarize the HAMILTON’ian units and the unit vectors to

i=(i€, j&, k§,) L7
and we find the following notation for a quaternion X;
X, =X, +1-%, (1.8)
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Calculus wit Quaternions

We introduce the following two quaternions
X =(Xo+i-%) und Y =(y, +i-y) .
A conjugate quaternion X is then:
X' =(x,~1-%)
The scalar multiplication X-Y is:
XY =Y-X=(XY, +X-Y)
The multiplication XY is:

The magnitude of the quaternion X is:

IX| =X X = x2+%-X
Then we have also
XX =X'X=x; +%-X=|X|=X-X

The inverse quaternion X is

And the division Y/X is:
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Introduction of Bi-Quaternions

An expansion of quaternions to bi-quaternions is made by replacing the real numbers a,
b, ¢ and d with complex numbers. A (complex) quaternion — or a bi-quaternion — is then:

X = (X, +ix°)+1-(i%, +%") (1.16)

This new introduced quaternion is different from the octionions (known form LIE alge-
bra) since the HAMILTON ian units i, j, k are still valid and no new imaginary units are
introduced. Such a bi-quaternion now represents a superposition of two four-dimensional
numbers:

X=X+ X = (X +100%, )+ (ix° +7-%*) (1.17)

The later shown examination with this eight-fold number shows, that such a bi-
quaternion is very useful for a compact description of electrodynamics and other disci-
plines in physics.

But first we have to decide whether we use X; or X! as our representation of a physi-
cal four-vector. Easy calculations show, that both lead to the same result. Therefore we
are free to choose between X; and X. To still have a real term, we decide for X; and
apply this part of the bi-quaternion to physical four-vectors.

As we will se later, all basic equations of classical and relativistic electrodynamics
can be written just by applying bi-quaternion multiplications without using any tensor
multiplication.

A multiplication of two bi-quaternions produces 16 or 64 terms, which in turn build
again a bi-quaternion according to (1.17). The mapping of these terms to physical four-
vector X gives in parallel X'=0.

As we show later, this nullifying of the other four-vectors has it’s origin in physical
laws of conservation.

The bi-quaternion (1.17) can be classified as:
Incomplete bi-quater nion X, =X, +1-i%, X =x+7-i%" (1.18)

Complete bi-quaternion X=X, +X/ =(x0+ix°)+7~(i )

xi
+
-
xi
=~
~
~~
[EN
[y
)
~
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Calculus with incomplete bi-quaternions
We have the following two incomplete bi-quaternions

X = (X +1-0%, ) und Y =(y, +7-iy, ) -
A conjugate incomplete bi-quaternion X" is then:

X = (%, —i-i%, ) (1.20)
The scalar multiplication of two incomplete bi-quaternions XY is:
XY =YX =(XoYo — % - Yy ) (1.21)
and X-Y' is:
XY =YX =(XY, + %X, Vi) (1.22)

The multiplication of two incomplete bi-quaternions XY is:
XY = (XY, + Xy - Vi) +1-[1(X¥y + %, Yo ) =%, XV, |
YX = (XoYo + % - Vi) +1-[1(XoY + X, Yo )+ %, x Y, |
The magnitude if an incomplete bi-quaternion X is:

IX| = VXX =X - %, - X, (1.24)

(1.23)

Then we have also
XX = XX =x]-%, X, =[X|=X-X (1.25)

Calculus with complete bi-quaternions
We have the following two complete bi-quaternions

X = [xo +ix° +iﬂ~(ixk +xk)J und Y = [yo +iy° +iﬂ~(iyk +yk)].
where the superscripts and subscripts represent the indices k=1,2,3.
A conjugate complete bi-quaternion X is then:
X' = [(xO - ix")—ia-(ixk —x* )] (1.26)
The scalar multiplication X-Y is:
X-Y=Y-X= (XY =% Y, +x°y" =X -§¥) w2
H(Xoy? + Ry - §F Xy, + XY ) '
and XY’ is:
XY =Y-X = Xy, +%, ¥, +X°y° +x* -y (1.28)
The multiplication XY is:
XY = (X¥o+%y - i =Xy =X F)+i( Xy =X ¥ + Xy, - Xy, )
AL 6V =Xy +YoXE =YX, )+ i(Xo¥y + X+ yoX, +YXE)  (1.29)
(XX =%, ), )i (% x <+ KK xyk)]
The magnitude of a complete bi-quaternion X is:

X[ =VX-X = (XX =Xy - Xy + XX =X X4 )4 20 (X, X" + X, -X*)  (1.30)

copyright © (2007) by André Waser; www.andre-waser.ch Page 5



The multiplication XX is:
XX = (XX 4 XX =Xy Xy =X %)+ 21 (%X +X°%, )+ (%, xX*) | (2.31)
The multiplication XY~ is:
XY = (%Yo +X°Y° =X P =X P )i (X0 + XFY, — X0y =X, V)
+i- [(xoy" +X°, + Y X +y°%, ) + i(xoyk +YoX, =X, — y°)”<k) (1.32)

(xkxyk+xkxyk)+i(xkxyk+xkxyk)]

Derivations
The bi-quaternion NABLA operator is:
jzizlﬁ_,_i i”ihik =1ﬁ+f.i§ (1.33)
oX; cot OX, OX,  0OX, cot

The bi-quaternion d*ALEMBERT operator is:

2 2 2 2 2
Ajs|vj|2=vj*(vj ):ia__a__a__a 1o X (1.34)

Total time derivative
The operator for the total time derivative of a bi-quaternion is (see Appendix A):

d 0 =) ~|.[ & V 0O _

—=|—+V-V [+Ii:]i|cCV+—0— |- (VXV 1.35

dt[at ){( Catj(x)] ()
The special multiplication symbol o indicates, that on applying this operator, the scalar

multiplication must be used for the scalar part and the cross product must be used for the
vector part.

The operator in equation (1.35) is analogue to the known operator of two-dimensional
derivations:

E=é+vV
dt ot

With the following multiplication we get the same result as with (1.35):
a - = | . = v a — —
(WV)A—[[§+v-Vj+|.{l[cV+anj—(VXV)DA (1.36)

Applying this to the event vector X we find

dx 1
YV=—=—(VYV)X 1.37
dt 4( ) (137)
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Bi-Quaternions in four-dimensional space

An event X in four-dimensional space can be expressed directly with a bi-quaternion
according to

X =ct+i-iX . (1.38)
According (1.12), the magnitude (distance of an event to fulcrum) is:
IX| =+t —x? (1.39)

In special theory of relativity SRT this magnitude is invariant for each inertial system.
The same is valid for the differential dX. A division of dX by c gives another invariant:

1 1 v?
~dX= \/dtz —C—z(dxf +dx} +dx3 ) = dt, /1_(:—2 =dt (1.40)

This is the time dilatation known of special relativity. For the differential of an event
vector X we also have

dX = cdt +1-idx (1.41)
and we find the well-known relativistic four -velocity U as:

yIX__ ¢ v (L42)

dT VZ VZ
e e
where V is the velocity between two relatively moving inertial systems. The magnitude
of the relativistic four-velocity is known to be always equal to speed of light c.

U =c (1.43)

From (1.42) we find the well-known factors from special relativity:

2_1 V2
Y= e e e (L44)a, b, c
\% C Y c

Now we build the total time differential of an event vector X and we get another, differ-
ent non-relativistic four-velocity (coordination velocity) ¥

v-X_ iy (1.45)
dt
which is connected to the relativistic four-velocity according to
U=7yY (1.46)

The addition of two velocities V; and YV, shall further comply with equation (1.43):
V,+V,[=c = VY, +V,#2c+i(V,+V,) (1.47)

In next section we drive the law of velocity addition.
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The Lorentz transformation in bi-quaternion form

The relativistic four-velocity U is especially helpful for the formulation of coordination
transformation between relative moving systems S’ and S (see Appendix B). Shall
U=c+i-il be the relative velocity between S and S’, then we have:

X' = %[U*X (1.48)
And inversely we have
x:%ux’ (1.49)
And solved:
ct’:y[ct—¥j, X'=7y(X-Vt) (1.50)a, b
Ctzy(ct'+3j, =y(X'+Vt) (1.51)a, b

The four-velocities U and U* are the operators to transform a bi-quaternion (four-vector)
from one inertial system into another relative moving inertial system. The general form
of the transformation operator of values in inertial system S and S’ with the relative
velocity U =c+1i-il is:

L=ty (152)
C

=Yy (153)
C

Beside the normal way via the differentials (1.50) or (1.51), the theorem of velocity
addition can be derived with above transformation equations.

We have the systems S and S’ moving against each other with relative velocity U. A
body moves in S’ with the velocity V' = c+1-iv". Then we have

!

W"=1uw'=y(c+ﬂj+yf-i(m\7’) (L54)
Cc C

The scalar part in four velocity ¥ must always be equal to speed of light c. This we
achieve in (1.54) with a division by VY,

vl g 4V

p ; ; (1.55)
Yo T WY 1+
c? c?
and thereof
y=1v (1.56)
uv
1+—
c
U+V]=c (1.57)

The ,,normalisation” with v," has it’s origin in the ,,designation* of velocity ¥’ outside
of S’. It’s impossible to measure primed velocity ¥’ in un-primed system S directly.
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Bi-quaternion electrodynamics for linear & isotropic medium
(vacuum)

The bi-quaternion electric and magnetic field

Analogue to the velocity we define the bi-quaternion potentials with the components
¢ [V]and A [Vs/mi:

A= TiA .1)
c
or with
A:C%v 2.2)
also
A= V={c+iiv) (23)
Then we have for the derivation of the bi-quaternion potentials (2.1):
1090 = =) «|ifs A /o =
VA=|—=—+V-A|+1:|—| Vo+— |-V XA 24
(czét ] L((p atJ(X)} @4
We use the substitutions
s= 1% G A E=T-99-2 B-VxA  (@5abe
c” ot q ot

and find the equation for the electric forcefidd [E [V / m]:
[E:—CVAzcs+T~(iE+cI§) or IE:To(iE+cI§) with s=0 (2.6)

and the equation for the magnetic induction B [Vs / m?]:
B=—iVA =is+ i‘-(iB—1 EJ oo B= T~(i|§ —léj withs=0 (2.7
c c
and find thereof

E=—icB, B=_FE 2.8)
C

Now we look closer to the real scalar term s. It is

110p - , . 1 do

V-A=-s=——|—=+V-(¢V)|=—=— 2.9

cz[at (0 )} ¢ dt 29

s is known as the LORENTZ condition (s = 0). Thus the LORENTZ condition is a demand
for a source-free bi-quaternion potential A, because we have

-s=V-A=0 — iza—‘PN.A:o - %

c” ot ot

It shows, that the LORENTZ condition is a demand for conservation of scalar potentials o;

i.e. the LORENTZ condition is a conservation law. From (2.9) we find further and inde-

pendently of s also the general LORENTZ condition:
1de
¢’ dt

+V- (V) =0 (2.10)

+V-A=0 (2.11)
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The bi-quaternion potential density

Analogue to the potentials we define the bi-quaternion charge- and current density
with the components p [ As/m®]and J [A/m?:

or with
J=pV=yp,V (2.13)
also
J=pU=pVY =cp+i-ipV (2.14)

Then we have for the derivation of the current density (2.12)

V) :%‘t)+§-j+i—~{i[c§p+lgj—(§xj)}
c
(2.15)
Introducing the substitutions
g:_%_§.j é:-ucﬁp_ﬁg - — -
ot , cot  JI=VxJ (2.16)a, b
we get the equations for a volume current density J [A/ m°]:
I [.a 1 4]
J=-iVl=ic+1-[iJ-—A
H (2.17)
and for a potential density A [Vs/m*]:
A=-pvl=pc+i-(iA+pd) 2.18)
and find thereof
A=-ipg, 3-1A (2.19)
n
Looking more closely to the real scalar term ¢ we find
op = , . 1 dp
Vl=-—6=-——-V-(pV)=—5— 2.20
S S o (220)

o is known from charge conservation (c =0). Thus the charge conservation law is the
demand for a source-free bi-quaternion potential density A, because we have

—5=pvV-J=0 — %N-j:o - %N-(pv):o (2.21)

This conservation law is analogue to conservation of electric scalar potential ¢. With
(2.21) we get for the bi-quaternion potential density and volume current density:

A=i-(A+i), g:i(ij—iéJ (2.22)
il
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MAXwELL's equations for free charge und free current densities
The following equation directly leads to Maxwell’s equations in bi-quaternion form:

AV E-ViB=vV'VA-AA- ul (2.23)
C
or expanded:
Hﬂzl(vﬁ_ﬁ]_ivéﬁ. i vxB-LE s |- B g E]|| 2
c ot c- ot cl ot
respectively
o (o) 1 ve_% V.8
uﬂ:[” pjn[ J:- ) Al o1& . (2.25)
0 w) cloB - = VxB-——+Vs
E‘l‘VXE CZ 6t

Similar equations have been published by Honig®!. Using (2.25) we can print Maxwell’s
equations in differential form straight forward:

V-B=0 (2.26)
. B - -
AMPERE'S law EJF VxE=0 (2.27)
- = 0SS p
Extended CouLomB law V-E —5 == (2.28)
€
- - 10 - -
Extended FARADAY law VxB T +Vs=ul (2.29)
c

With conservation of electric scalar potential (2.10) , the last two equations reduce to

CouLoMB*s law eV-E=p (2.30)
FARADAY s law VxB —%% =ud (2.31)
c

From (2.23) we find also the relation between the electric field and current density
J=— L VE-—ecVE (2.32)
uc
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The wave equations of potentials and force fields
To derive Maxwell’s equations we applied the d’Alembert operator to the electric
potentials. This is explicitly:

11 0% - - (10°A -,
AR _(_at_(pij[_ > ‘VZAJ: v &3
This leads to the wave equations for electric potentials
130 = p
20® g2,_P 2.34
c? ot? = (2:34)
10°A -,« =
P ~V?A=p] (2.35)

Applying the derivative to (2.23), we find
VV'iB = AiB = pVvJ (2.36)

and thereof

2 ; 2E 2B
(225 gag|p | L[ LOE geg ), [LOB g )|-
c® ot clc® ot c” ot

2
1% & __u[@_fw.jj:o (237)
N i}
Ciza_z_ezéz_u(&vw j (2:38)
1B con_ oo
C_27—VZB:W><J (2.39)
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Bi-quaternion LorenTz force density and Lorentz force
We define the bi-quaternion power- and force density with the components P [W / m®]
and FE [N/m?%, and get

F= 1 P+i-iF (2.40)
c
Then we choose the bi-quaternion identities
F = L0E - isB=—0vA - —pVYVA = —p% (2.41)
c

and use the substitutions (2.10) and (2.13) to get the force density on a charge density p,
which moves with velocity ¥ in an external potential field A as

PY (0 V-E+c? _ov-B
F=L[ T D)=L PVEFCRs 1y VB 2.42)
cl0 F) clc’pB-pVxE pVxB+pE+pVs
We have finally

pv-B=0 (2.43)

vo- -
S*E=B (2.44)
extended power density p(V-E+c’s)=P (2.45)
extended LORENTZ force density p(\7 xB+E+V s) =F (2.46)
Notable is also J-B=0 andthereof J-E=P (2.47)a, b

With conservation of electric scalar potentials (2.10), above equations (2.45) and (2.46)
reduce to

Power density (s=0) pv-E=P (2.48)

LoreNTz force density (s=0) p(\7>< B+ E) =F (2.49)

For a point charge q in potential field A we find analogue to (2.40) and (2.41)
[leP+T~IE=—qWVA=—qu (2.50)

c dt

extended Power density q(v-E+c’s)=P (2.51)

extended LORENTZ force q (\7)( B+E+V s) =F (2.52)

an wit the conservation of electric scalar potential (2.10)

Power density (s=0) qV-E=P (2.53)

LoRENTZ force (s=0) q(VxB+E)=F (2.54)
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Bi-quaternion Poynting theorem (energy flow density)
First we define the bi-quaternion energy flow density W with the components of energy
density w [J/ m*] and energy flow density S [Js/m"] as

%18

W i

" (2.55)

o |l

Now we consider a current density J and a potential field A (MAXWELL equations)
caused by this current density. We find the equilibrium of both field’s force densities by
multiplications of bi-quaternion MAXWELL equation (2.23) on both sides with VA .
Then, by using (2.41) we get:

Lamyva-wa = LaayvarE=o (2.56)
n B

The calculation (Appendix C) shows for the scalar part:

2 2 2
1 SE-F“@B +ua—s +V£(Exl§—sl§)+l§~j+pczs=0 (2.57)
2077 T T a M

Now we insert the substitutions for the energy density w and the energy flow density S

v_\/:l[aE-E+ll§~B+lszj, sz(éxié_séj 258, b

2 M 1l H

into (2.57) and use (2.45). Then we get the well known Poynting theorem
W §.§4p=0 (2.59)
ot

Or with (2.59) and (2.55) follows the expanded Poynting theorem (with s£0)
cV-W+J-E=0 (2.60)

Incidentally we may also write for the energy density w (1.28)
1

W= Eg[E ‘E (2.61)
Inserting (2.32) into (2.41), we find also
F = LoE- -&(V'E)E (2.62)
c

The imaginary vector term is (Appendix C)
1oje =y jo =y = 1lio =y = 10,2 = =\ = = -
C—ZE(V-E)+(V><B)><B+C—2(V><E)><E—C—25(ExB+SE)+V><SB - F=0 (263
There the first three terms correspond to the divergence of Maxwell stress tensor T:
_ 1 =/~ = ooy o= 1 m =y =
V-'I]':C—ZE(V‘E)+(V><B)><B+C—2(V><E)><E (2.64)

followed by the partial time derivative of expanded Poynting vector.
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Bi-quaternion Lorentz transformation of electromagnetic fields
In (2.14) we have used the relation
J=p¥Y =yp,¥ (2.65)
In relativistic case we have explicitly for the transformation of charge and current densi-
ties
p=vp, und pv= J= yjo =yp,V (2.66)

The Lorentz transformation of bi-quaternion potentials A is:

@A =-A=YUA-= y{g—ﬂ+f-£iﬁ\—i%0— a XAH (2.67)
c c c cC c c
and with comparison of coefficients we find:
(p':y((p—A-U) (2.68)
A :y(A—C%uJ (2.69)

The Lorentz transformation of bi-quaternion current density J is:
co+i-i =0 =wa=Yu (Cp+ i ij) = W{Cp—u—.\]+ T-(ij —ipd —MH
c c c c
and again with comparison of coefficients we find:
, J-u
p'= y( ——zj (2.70)
I =y(J-pt) (.71)
For the Lorentz transformation of force fields E and B we have:
E="UE
c
cs’+T~(iE'+cB’) = chs——- E+il- Bj+f~ iE +ilix I§+c|§—%x E—isuﬂ
c

and thereof

s’:y(s— E'UJ (2.72)

C
E':y(E+U><F3—SU) (2.73)
. .0 -

c
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Dynamics & Kinematics

The bi-quaternion gravity field

In this section we describe the dynamics of moving bodies analogue to previous formulas
used for electrodynamics. As a starting point we need two fields, whereof the deeper
meaning shall not be discussed now:
U(X):  Velocity field (analogue to A) [m/s]
d(X):  Gravity potential (analogue to ¢) [m?/s%]

These fields form the kinematic bi-quaternion potential field (velocity field)

u=247.i0 (31)
c
Then we have for the derivation of U

(130, 6.0t Y50+ 29 ) (9«0
vtu_[c2 v uj+| L[vqﬁ atj (V u)} (3.2)

Defining the following substitutions:

s, -~ 5.0, G=m_gp-Y F_9<0  @E3abe
c- ot m ot
with
[ Force on a point mass m (test mass) [N] = [kgm/s?]
G: Gravity field, acceleration field [m/s
T: Rotations field, dynamic induction [1/9]

whereas the gravity field consists of two (established) parts:
- ou

Ge =-Vo and G, = = (3.4)a, b
G Gravity field of a gravity potential [m/s]
Gr Acceleration field, induced gravity field [m/s7]

Then we find for the bi-quaternion gravity field G [m/ s] on a test mass m

G:—CVU:csm+T-(ié+cT) (3.5)
and for the dynamic induction T [s'] we have:
Wz—iVU:ism+T-[iT—%éj (3.6)
Thereof we find
G =—icT, H:%G (3.7)

The scalar term of (3.2) is — if nullified — again a conservation law:

5, =VU=0 5> 22,9.0-0 5> 2,9.(40)
c” ot ot

0 (3.8)
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Bi-quaternion momentum density

Analogue to charge- and current density of electrodynamics we define the bi-quaternion
mass- and momentum density py, with the components m [kg / m®] and B, [kg/ sm?:

Pn =Cm+i-ip, (3.9
or with
P =MV =ymyV (3.10)
also
P, =mY =mc+i-imv (3.11)
Then we have for the derivation of the momentum density [kg / sm°]:
om - Y S G/
Vp,=—+V:p, +i-|1| cVm+——— |-V x]P 3.12
Pr =t B H _Catj(xgm)} (312

Within scalar part we identify the continuity equation of mass density and the conserva-
tion law of mass respectively.

om -
—+V-p,. =0
ot P

Instead of mass density cm we could also use the energy density wy,/c. Equation (3.9)
changes then to:

P =Y, 7ip, (3.13)
P c fad
Using point masses instead of mass densities we also have
P, = W, +1-ip (3.14)
c

The relativistic momentum pp, of a point mass m with bi-quaternion velocity V is
P, =myyVY (3.15)

This contemplation is analogue to (3.59) and corresponds with the total self-energy or
self-momentum of a mass (or charge, respectively). From (3.15) we find immediately

4
W,, =ym,c* = m,c? +%m0v2 +§m0 Z—2+ (3.16)
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Field equations of dynamics

Equipped with the bi-quaternion momentum density pr, and the potential field U we
could start again analogue to electrodynamics (2.23):

1

IVG=ViT=VVU=AU=3p_ (3.17)
C c -

where g is the gravity constant with 6.67-10™ [N m? / kg?]. From (3.17) we have

%pmzl(vé_%j_ivhr. i 9x7-2 8 o5 |- T L9xa]| (s
c° = c c” ot cl ot

respectively

g g|fem) (0}]_1 vG_aastm VT
— == - |+ i _ = — _ + i - ~ ~ 3.19
¢z P CZKOJ [DH ¢l T o = TxT-1% s 419
- _t +VxG CZ ot m
Thereof we extract the ,,Maxwell* equations of dynamics:
V.-T=0 (3.20)
3 19 8-]; _. ~
»AMPERE'S law/ a0 +VxG=0 (3.22)
“ ~ = 0S
Expanded ,,CouLoMB law V-G- atm =gm (3.22)
Expanded ,,FARADAY law* VxT- %% +Vs, = % P (3.23)
c c° =
With the conservation of gravity potential (3.8), the last two equations reduce to
,.COULOMB"s law* 15,62 m (3.24)
g
FARADAY"s law* VxT —%% = % P (3.25)
c ¢’ =

From (3.17) we also find the relation between the gravity field G and the momentum
density pm

P =-V'G (3.26)
=" g
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The wave equations of the potentials

To derive above equations we implicitly applied the d’Alembert operator to the poten-
tials. Explicitly this is:

2 217
A[Uzl(i@_@z(qu.i[iza lz-’_ﬁzojz%[pm (3.27)
c” ot c° =

clc®at?

Thereof follows the wave equations of the potentials

10% -

S22-9%=-gm (329
100 -,~ 0.
C—2 atz —V2U :C_ZB (329)

With the derivation of (3.17) we find
VViT = AT = %v[pm (3.30)
PO

and thereof

2 - 2A 2T
L8 grg |- L L2C geg || LOT ger |2
c- ot clc® ot c” ot

And finally we have the wave equations for the force fields

10%s, = g(om - _

F e Fve0 e
10%G -, - 10p

R —VZG:—g[Vm +c_2§] (3.32)
10*T =p= 0= -
F?_VZT:C_ZVXE (3.33)

Analogue to electrodynamics without charge- and current densities, these equations des-
cribe a transverse, gravity wave in the absence of mass densities, having the propagation
velocity equal to the speed of light c.

2
Cizaat_f_ezé -0 (3.34)
-
2 aat_]_w 0 (3.35)
C
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The bi-quaternion force density and inertia (reaction force)
With (2.40) we use again the bi-quaternion power- and force density [F with the compo-
nents P [W/m® and E [N/m?

F=2p+iiF
c
and choose the bi-quaternion equation
F= 1]pm(I] =—ip,T=—p,VU=-mYVU= —m%‘l (3.36)
ct P P

Using the substitutions (3.8) and (3.10), we find the force density on a mass density m,
which is moving with velocity V in an external potential field U according to

1(P) (0} 1({mv-G+mc’s ) . -mv-T
F==| = |+i| 2 |=2 7 2 Gl T (3.37)
c\0 F) cl me’T-muxG mVxT+mG+mvs,

and finally

mv-T=0 (3.38)

%«é:? (3.39)

Expanded power density m (\7 .G +c? Sm ) =P (3.40)
Expanded reaction force density m (\7 xT+G+Vs_ ) =F (3.41)
Notable is also p-T=0 andthus p,-G=P (3.42)a, b

With conservation of gravity potential (3.8), equations (3.40) and (3.41) reduce to
Power density (5,=0) mv-G=P (3.43)

+G)=F (3.44)

-

Reaction force density (sn=0) m (\7 x

Analogue to (2.40) and (3.36) we find for a point mass m in a potential field U

F=lpiiEomyvw--md (3.45)

c dt
Expanded power m (\7 .G +c? S ) =P (3.46)
Expanded reaction force m (\7 xT+G+Vs, ) =F (3.47)

and with the conservation of gravity potential (3.8) this reduces to
Power (s,=0) mv-G =P (3.48)

Reaktions-Kraft (5,=0) m (\7 «T+ é) =F (3.49)
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Bi-quaternion acceleration and inertia (action force)
The action force to accelerate a point mass m is opposite to inertia force (reaction force)
(3.45). The external velocity field U is replaced by the coordinate velocity ¥ and we
have the equation

F,=ma-= m(jj—?/ =mYVV (3.50)

The calculation of a yields:

Gy ¥ v (Vxv)
a=c ]+i[ ]=c ot Gl (351)
0) a v o | '

Fxv- L V|| +V(VV)-Ux (V)
¢® ot
and thereof
v-(VxV)=0 (352)
v ov - _
=V (3.53)
Flow rate e [s7]: V.V +12Q —e (3.54)
c- ot
; 21. Vo ol o\ ou(Sva)_ =
Acceleration [m/ s]: E+V(V- )-Vx(VxV)=4d (3.55)a
= 2
or @N[V—j_w(ﬁxv):a (3.55)b
t 2
or QW-W-(vw)xv:a (3.55)c
ot

Equation (3.55)b is known from fluid mechanics. Additionally we have newly found an
equation for the flow rate e with the unit s™.

To find the force equations, we multiply (3.49) with a point mass m or a mass density
m. For example we find for a point mass m

Action force: F=ma (3.56)

Power: P = mc?e = mc? (@ VA

Ov\)|<1
2
N——

(3.57)
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Bi-quaternion self-energy density and mass density

Calculating the scalar product between bi-quaternion current density J and of associated
bi-quaternion potential field A, we find the self-energy density W as:

szJl:C%pW-W (3.58)

With the bi-quaternion momentum density p of a mass density m:
p=mY (3.59)
we find
W=A-J=p-VY (3.60)
Thereof and with (2.34) follows for a mass density and for static case (G¢/ot=0) only:

&
m= %p = —C—chmp (3.61)

c

The integration over the whole volume V is
m=[m dV:-CizjcpAq, dV:Cizﬂv(pF dV:Cizj(E.E) v (362

For a spherical potential field this becomes

[ q° 1
-!. drmec’ T, Amec® 1, (363)

With the elementary charge q=1.602-10"° [As] and the electron mass m,=9.11-10"* [kg]
we find for example the following value for the electron radius re:

q° 1 e
r = —=2.818-10"|m 3.64
° 4mec’ m, [m] (364

From (3.62) and with dp/ot=0 we also find the relation
¢’[mdv =¢f(E-E)dv (3.65)
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Summary

All important basic equations of electrodynamics can be cast in a very compact form by
using bi-quaternions. Beside the known text-book equations we find some possible
expansions to Maxwell’s equations and other fundamental equations of electrodynamics.
This expanded equations reduce to classical form if the LORENTZz condition s=0 is
applied.

An interpretation of the scalar field s beyond the interpretation as pure LORENTZ con-
dition shall be discussed at another place.

Beside electrodynamics, bi-quaternions are also very useful for application in other
disciplines of physics as for example in mechanics (dynamics) or — as only indicated in
the appendix — in quantum mechanics.
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Appendix A

We have a bi-quaternion field A = A(X), where X is a function of space and time, and
we have A = A(X(t, X3, X2, X3)). The total time derivation of A is then:

OA (X
dA = ( )dX:aLAa_xdt+a;Aa_¥dX:_ 6_X6Adt+6_¥aﬂdx (A1)
oX oX ot oX ox ot oX oX X
with
O _y ad 2_¥% (A2)
oX oX
Now we expand the operator in first term of (A.1) and get
a—Xidt = (3+ icfﬁjdt (A3)
ot oX ot
The operator in second term of (A.1) has the following expansion:
X0 {%dx}i
oX oX oX oX
= {(a—xél +6—Xé2 +6—Xé3][ct+i(x1 i€ +X, 6, +X, kéa)]}i
oX, oX, 0X, oX
_ {[6_Xd X %dxaj}i
8 OX, 0OX, oX
= {i-(idx, +idx, +idx, )} [—E+T- I[iﬁ-ﬁ-ﬁ-ﬁj}
cot oX, OXx, OX,
= r-dxli+(i”. idx ) (i-iv)
cot
I (i o a)
=dX-V+i-| —dX——-dxXxV
c ot
and finally
X 0 gy —dx-V+iLdxd—dxxV (A4)
oX 0X c ot

The addition of (A.3) and (A.4) and the afterwards division by dt gives the total time
differential in bi-quaternion form:

i:(g+\7~§J+T'|:i{c?+zoﬁ)—(\7x§):| (A5)
dt ot c ot

The special multiplication symbol © indicates, that on applying this operator the scalar

multiplication must be used for the scalar part and the cross product must be used for the
vector part.
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Appendix B
We start with the transformation:

x’:ltu*x=y[1—f-izj(ct+7-i7<) (B.1)
C C

and derive

(Ct'+i“.iy('):y{(ct_¥j+ic(ii—i\7t—VEXH (B.2)

With comparison of coefficients we find:
ct'=y (ct —V—ij (B.3)

X' =y(X-Wt) (B.4)

The first equation (B.3) is well-known and corresponds to Lorentz transformation of time
in vector form. The following derivation shows, that this is also valid for equation (B.4):

In many text-books the last term in square brackets is described as Lorentz transforma-

tion of position vector X . By comparison of both terms in square brackets we find the
identity

|

vx (B.5)

Y(X—Vt) =X —yWt+(y-1) v

<|<

This proves, that (B.4) is indeed the Lorentz transformation of X . If v is collinear to X ,
both equations reduce to the well-known one-dimensional transformation equations

t':y(t—v—)z(j (B.6)
C

X' =vy(x—vt) (B.7)
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Appendix C

We start with
l(AA)V./A:J]W\ = —(AA)VA-uF=0 (C1)
p
Therein we have the terms:
VA=L1E-s+T. (l E+ Bj (C2)
c c
AA_E(ﬁ E_ﬁj_ﬁ B fi[vB-LE 95| B ve]| (3
c ot c” ot c\ ot

—u[f:—pp{l(v-EJrczs)—iv-B+T-[i\7xB+i|§+i\75+1(czl§—\7xE)}} c4
c c

Equations (C.4) is already the second term in (C.1). Therefore we need to calculate the

first term only:
1(6-E—ﬁj—'vé+
c ot

1 oE 1(oB i[les (€9
T~[i[§xB——2—+§SJ——[—+§><EH :
c® ot cl ot

Imaginary scalar term
We find for the imaginary scalar term of (C.5):

S+
~(AA)VA =

~5¥-B-B-(VxB)+LE-(VxE)+E 2 +B. =& _B.9s=B-(VxB)=0
=0 — c —_— C t C 8t —_—
0 0 e “=UxBVs 0

Together with the imaginary scalar term of (C.4) we get: -pupv-B = -uJ-B in (C.1):

wi-B=0 (C.6)
Real scalar term
Calculating the real scalar term of (C.5) we find
Hs(V-E)-s BB (VxB)-2E-Z4EvsrB-D1B(VxE)}, (€7
c ot c ot ot
And expanded:
1|5(V-E)-s S 4E-(VxB)-SE- L1 E-Vs4B- L1 B.(VxE)
= c t ot (C.8)
“l + 2E(VxB)-2E.(VxB)
Using FARADAY’s law
L . 108 . -
VxB==——+ul-Vs
o "
we get
Page 26
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$(V-E)-s 24 E-(VxB)-SE-T+E.Vs+B- 1B (VxE
1 ot c ot ot
= ~ (C.9)
c _ oL .- Lo .
v 2EE QBT 2B Vs 2E (VxB)
c ot
or
22 L8 LB (VXE)-E(VxB)+2uE-T-E-Vst5(V-E)-s2
c|c ot ot ot
V~(Exl§)
Then, with
v.E=P, 08
g ot
follows
1 2e T8 LV (ExB)+2uE T-E-Vsss® (€10)
clc ot ot €
Inserting the real scalar part of (C.4):
1 = oo N _ 1] 5= p
E{up(V.E+C S)}—E{pJ~E+SE}
and (C.9) in (C.1), we get finally Poynting’s theorem in different notations
1=0E = 0B - (= =\ =/ =
C—ZE-E+B-E+V-(EXB)+E-(pJ—Vs):O (C.12)
1( 1 6E? 0B?) = (= =\ = = =
E(?E+ = j+V-(E><B)+E-(uJ—VS)=O (C.12)
2 2 R
1B OB g ExB|iE[1-1¥s]=0 (C13)
2 ot ot u u
2 2
1f oE +H8H +V-(ExH)+E- i-19s -0 (C.14)
2 ot ot 1)
Inserting Maxwell’s equation
0:S(§~E—ﬁ—gj:§~(SE)—(§S)~E—SE—SB
ot e ot €
in (C.12), we further find
2 2 2
2O I BV (ExB-sE)+E-T+s2 -0 (c15)
2 ot ¢ ot ot €
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Imaginary vector term
We find for the imaginary vector term of (C.5):

q:
ml

S—"
X
w!
|

-B(V- B)+S(VXB)_C_56_f+svs+(
_ (C.16)
+VsxB-— BB L (VxE)xE-
c” ot c
We take the bi-quaternion MAXWELL equations

V-B=0 und VXB—i%+pJ Vs

to reduce (C.16) to
sui+(VxB)xB-
or
Le(v-E)+(728)- é-iz(vxﬁ)xz_ciz%xé+%xé}_iasENSXBHM
To change the sign of third term, we add the last term
1 10 5 10B ¢ 10sg,
2

SE(V-E) (vXB)xBA(WE)XE_TEXB_?E <E-

rr|x
<¢
b
w!
+
w
=
ol
|
A
41
rr|x
<
m

—VT
2

use AMPERE’S law VxE=-—

With two vector identities and with the FARADAY equation, multiplied by s

3g_9(sE)-sE | (95)xB=V(sB)-s(VxB), 0=s[i2§_m+mj

ot ot ot c

equations (C.17) becomes

SE(VE)#(VxB)xBr S (VXE)xE- S 2 (ExBasE)+UxsB  (C1)
Inserting (C.18) and the imaginary vector term of (C.4)
ppi—-[(E+\7x B)+\75] = uT~[pE+j>< B+35]

into (C.1), we finally get

1 =\ e o=y s 1o oy =

—E(V-E VxB)xB+—(VxE|xE

CZ ( )+( x )X +CZ( X )X (Clg)
_Cizg(éxé+SE)+§xSE:ppE+uij+qu
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Appendix D: Quantum mechanics

Relativistic wave equation

In 1937 ConwAY®! has shown a possible notation for the relativistic wave equation, if
the Hamilton‘ian units are used as pre- and post factors in his formulas. In this section we
derive the relativistic wave equation with the bi-quaternion notation used already in
previous chapters. We start with the momentum law:

Pn =mMY 4.1)
and with the definition of total energy of a mass
E= C|[p| (4.2)
we can derive EINSTEIN‘s formula by using (1.24) with k =1..3:

E? =m’c* +¢?) p; (4.3)
k

Until this point we have used a scalar value representing the energy, which for example
takes a constant value for a resting body. But quantum physics (experiments) have
shown, that this is not quite correct but that energy is merely an oscillating phenomenon
and therefore must satisfy a wave equation. Therefore equation (4.3) can be seen as a
,Static average‘ equation of a collection of many ,.energy oscillators“. But for a single
particle the oscillatory behavior of its energy can clearly be observed.

Equation (4.3) is already in a quadratic form as this is the case also for the differential
operators of a wave equation. To find the wave equation behind the energy equation, we
use the established substitutions for the differentials as known in quantum mechanics:

a—_ﬁﬁ und  p, —>zi , (44)a,b
ic ot i OX,

where 7 is PLANCK"s constant divided by 2r. Now this differentials must be applied to a
new, unknown function. This is nothing else than the (dimensionless) wave function ¥.
This wave function is again a bi-quaternion:

Y=y, +-iy, (4.5)
By inserting (4.5) into (4.3) we get directly DIRAC’s relativistic wave equation:

10¥ -, mc?

Particle without external potential fields
DIRAC has solved the energy equation (4.3)

E=xc [m’c®+ > p; 4.7)
k

by taking the square root with the introduction of 4x4 matrixes. On the other side equa-
tion (4.2) offers an other possible derivation without taking a square root, if directly
taking the quaternion momentum. But the sign of the quaternion momentum should not
change. This can be achieved with a modification of equation (4.2):

E=+cp thenitis E =|E|=xc|p] (4.8)
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The two possible sign for the energy state in (4.7) and (4.8) has motivated DIRAC to
postulate the existence of anti-particles — especially the positron. By inserting of the
substitutions (4.4) into (4.8) another DIRAC equation ca be obtained:

N P L Tt 2 I 9
OX; OX, OX; c ot

On a first glance this equation differs form the original DIRAC equation because no
matrixes are used. But the HAMILTON‘ian units can also be written as matrixes (see
Appendix E). The multiplication of (4.9) with this HAMILTON’ian matrixes gives the
following equation system:

E%_mc _E[%_’_a\l/z +% =0

c ot Vo3 ox, 0OX, OX,
E%_mCWl_Fh |a\|1O _%4_% =0
c ot OX, OX, OX,

, (4.10)

anz—mcw2+h 6W3+i%—% =0
c ot OX;,  OX, OX,

ﬁ%—mc%—h[a‘“ v o),

c ot OX, _6_x2_ OX,4

This system contains four equations for a particle without external fields as originally
proposed by DIRAC. Now, in an analogue way the equation for a particle within external
fields can be described.

Particle within external potential field

The momentum on a charged particle changes with an external potential field. If the
momentum of an external field on a charged particle q is defined as

P, =-0A (4.11)
then it follows for its energy
E, = C|]pq| =—cq|A| (4.12)
and
[E, =FCcgA (4.13)
The total energy is then
E = c(+p, F9A) (4.14)

Again the extended DIRAC equation follows with the substitution of energy and momen-
tum to:

0 (o (0 10 ¢
hii| ——QA ——gA ——0gA, |k+==—¥ - Llw=0 (415
{[axl g 1]”(@(2 q ZJJ+[6X3 q 3] +c6t} (m0+ch (4.15)

Again quaternions can be used instead of matrixes.
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Appendix E: Matrices in quaternion form
According Arthur CAYLEY, complex numbers can be expressed with matrices:

a+ib=[a] with i{o _1] (4.16)
b 10

i“=ii= = =-1 (4.17)
1 0/\1 O 0 -1

The HAMILTONian units of a quaternion build together with the numbers 1 and —1 a non
ABEL *ian group of eighth order. Its first four positive elements are:

) Y ) R e

Replacing the imaginary unit i with the corresponding matrix (4.16) gives:

Example:

0-100 00 10
i_1000 |00 01
“loo o1 *Tl-1 000
00 -10 0 -100
0 0 -1 1000
0 0100

k= 1= (4.19)
-1 0 0010
10 0 0001

The square of this matrixes always return the value —1 as requested by the definition of
the HAMILTON ian unit vectors (1.2).
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